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History

» Quantum Inverse Scattering Method (QISM) for periodic boundary
conditions [Faddeev 1979]

» QISM for open-boundary conditions [Sklyanin 1987]
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Periodic case

R-matrix

R-matrix is an operator R(u) € End(V ® V) (V = C?, u € C)
satisfying the Yang-Baxter equation in End(V @ V ® V):

‘ R12(U — V)R13(U)R23(V) = R23(V)R13(U)R12(LI — V). ‘

I. Trigonometric solution

sinh(u+n) 0 0 0
; 1 0 sinhu  sinhp 0
trig —
RTE() sinh(u +n) 0 sinhn sinhu 0
0 0 0  sinh(u+n)
Il. Rational solution
u+n 0 O 0
1 1 0 u n 0
R (u) = @1 +nP)=——
W= el = 540
0 0 0 utny
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Periodic case

QISM

Monodromy matrix (acts in End(V, ® V®£), V, = C2 auxiliary space)

e "™ 0

A B
To(u) = ( 0 ena) Rac(u—eg)...Ra(u—e2)Ra(u—e1) = (ngg DEZ%)
satisfies the Yang-Baxter equation in End(V, ® V, @ V®£):

Rap(u— v) To(u) Tp(v) = Tp(v) Ta(u)Rap(u — v).
Transfer matrix t(u) = tr,(Ta(v)) = A(u) + D(u) € End(V®5),

[[t(u), t(v)] =0 Vu,veC,|

Consider the expansion of t(u) in powers of u:
t(u) = Z G
Jj=—00

Then C; form a set of mutually commuting integrals of motion.
4 /15



Periodic case

Bethe Ansatz
Start with a reference state, 2 € V, such that

B(u)Q2 =0, A(t)Q2 = a(u)Q, D(u)Q = d(u)Q, C(u)Q2+#0,
Then (for the trigonometric R-matrix)
O(vy,...,vy) = C(v1)...C(vn)Q2

is an eigenstate of t(u) with the eigenvalue

N sinh(u — vy + 1) - sinh(u — v — 1)
A V) = d
(u, v,y vi) = a(u) kl;[l snh(u—ve) (u) kEIl sinh(u —vi)

if & =£ 0 and v's satisfy the Bethe Ansatz equations

N
a(Vk) HSInh(vk_ Vj—??) _ "
d(vi) ~ gy sinh(vic— v 1)’ e N.

For the rational R-matrix: sinh(x) — x.
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Periodic case

Quasi-classical limit

Now we take the quiasi-classical limit:  — 0.
Spin operators

5+:5X+i5y:<8 é) 5_:5X—i5y:<0 0),

101\ o, 1/0 =i\ o _1/1 0
5‘2(1 0>’5_2(i o>’5_2<0 —1>'

6 /15



|. Trigonometric case
» BAE:

L
(a+N-1-L/2)+>

=17k yj Rt J

> Integrals of motion:

2 L
2 .
—22 G SSESEH Y. ok (SSf +50S) —2a8F.
k#j Z -~ % k#j I Tk

» Eigenvalues:

/\—Oé+ ZZ +Zk iz +y,
=1

k#J ’
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[I. Rational case

» BAE: N

1
-> L

7k

L
e

» Integrals of motion:

L —c+ +c—
25,fS-Z+5 ST+ S5S:

L J k =) k=j z

TJ—E P— 2a.SJ,

k)

» Eigenvalues:
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Boundary case

Reflection equations

Start with a rational R-matrix R(u) =

1
(ul @ 1 +nP).
uTmn

In addition to YBE we want it to satisfy reflection equations:

{ Rix(u — v)K{ (u)Ro1( VK5 (v) = (v)Ri2(u + v)K] (u)Ror(u — v),

1 (u+v Ky
Ria(v — u)K{ (u)Ra1(u + v)KS (v) K;(V)ng(u + V)K{ (u)Rar(v — u),

where R(u) = R(—u — 2n). Easy to check that

K(u):(/JruaZ:(C—gu CEU),

KT (u) =&l + (u+n)o” = <5+8+7I S_S_ﬁ).

satisfy these equations. They are called the reflection matrices.
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Boundary case

BQISM

Define the double monodromy matrix (acting in V, ® V&%)

To(0) =Roc(u — £2)...Rur(u — e1)K; (u + p/2) %

xRN ~u—¢e1—p)Rp(—u—ec—p)= (éizg ggzg) .

It satisfies the Yang-Baxter equation in V, ® V), @ V®~:
Rab(u = v) Ta(u)Rea(u + v + p) Tp(v) = To(v)Rap(u + v + p) Ta(u) Rea(u — v).
Define the transfer matrix
t(u) = tra (K3 (u+ p/2) To(u)) = (E+u+p/2+n)A(u)+(§ —u—p/2—n)D(u).
In this case one can also show that

[t(u),t(v)] =0 Vu,veC.
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Boundary case

Bethe Ansatz equations
Shift u — u — 2 and introduce A(u) = (2u + p)A(u) — nD(u).

<D(v1, ceey VN) = C(Vl)...C(VN)Q

is an eigenstate of t(u) with the eigenvalue

L Eut /24 /2 7 (u— v+ n)(ut v+ p+)
ANu,vi, ..., vy) = 3(u) 2u+ts kl_[l = v) (Ut vt p) +
Qu+p+n)(E—u—p/2+1/2) 17 (u—vi —n)(u+ vi +p—n)
+d(v) 2u+p H (u—wvi)(u+vi+p)

k=1

if ® # 0 and v's satisfy the Bethe Ansatz equations (BAE)

3(vi) E+vi+p/2+ )2 :ﬁ(vk—vj—n)(vk+vj+p—n)
d(vi)2vi +p—n) & — vik — p/2+1/2 (vk —vi+n) (v +vi+p+n)

#k

Can renormalize, so that it goes to non-boundary case as p — oo.
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Boundary case

Quasi-classical limit

Consider two limiting cases:
L §=na, ¢=np.
2. 6=n"tyh ¢=pt0h

Notation: y, = v, + g, zi=¢;+ g
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Case 1: £ =na, ( =np

» BAE: B y
2 2yE
—(a+B+1) Z =y
17 ’ j;ékyk Y

> Integrals of motion:

+
ijz % k2525k+z 2ZJZk (5 S+ 5;51.*)+
k#j J k#j J
+ (2N~ L+2(a+ B)N; — N.

» Eigenvalues:

22

N
-3

i=1 J - y’
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» BAE:
c N 5
—(0+7)+ Z Z Vi y2
1Y j#k Tk Yj
» Integrals of motion:
c
2P }
T, = 2_Jzz+(’y+5)aj.
kA T Tk

» Eigenvalues:
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Conclusions

Conclusions and Outlook

Periodic Boundary (1) | Boundary (2) | Boundary (general)
Rat. | s-wave s-wave p-+ip-wave ?
Trig. | p+pi-wave | p+ip-wave(?) | 7 ?7?
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Conclusions

Thank you for your attention!
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