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History

I Quantum Inverse Scattering Method (QISM) for periodic boundary
conditions [Faddeev 1979]

I QISM for open-boundary conditions [Sklyanin 1987]
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R-matrix
R-matrix is an operator R(u) ∈ End(V ⊗ V ) (V ∼= C2, u ∈ C)
satisfying the Yang-Baxter equation in End(V ⊗ V ⊗ V ):

R12(u − v)R13(u)R23(v) = R23(v)R13(u)R12(u − v).

I. Trigonometric solution

Rtrig (u) =
1

sinh(u + η)


sinh(u + η) 0 0 0

0 sinh u sinh η 0
0 sinh η sinh u 0
0 0 0 sinh(u + η)

 .

II. Rational solution

R rat(u) =
1

u + η
(uI ⊗ I + ηP) =

1

u + η


u + η 0 0 0

0 u η 0
0 η u 0
0 0 0 u + η

 ,
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QISM
Monodromy matrix (acts in End(Va ⊗ V⊗L), Va = C2 auxiliary space)

Ta(u) ≡
(
e−ηα 0

0 eηα

)
RaL(u− εL)...Ra2(u− ε2)Ra1(u− ε1) =

(
A(u) B(u)
C (u) D(u)

)
satisfies the Yang-Baxter equation in End(Va ⊗ Vb ⊗ V⊗L):

Rab(u − v)Ta(u)Tb(v) = Tb(v)Ta(u)Rab(u − v).

Transfer matrix t(u) ≡ tra(Ta(u)) = A(u) + D(u) ∈ End(V⊗L),

[t(u), t(v)] = 0 ∀u, v ∈ C.

Consider the expansion of t(u) in powers of u:

t(u) =
∞∑

j=−∞
Cju

j .

Then Cj form a set of mutually commuting integrals of motion.
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Bethe Ansatz
Start with a reference state, Ω ∈ V , such that

B(u)Ω = 0, A(u)Ω = a(u)Ω, D(u)Ω = d(u)Ω, C (u)Ω 6= 0,

Then (for the trigonometric R-matrix)

Φ(v1, ..., vN) = C (v1)...C (vN)Ω

is an eigenstate of t(u) with the eigenvalue

Λ(u, v1, ..., vN) = a(u)
N∏

k=1

sinh(u − vk + η)

sinh(u − vk)
+ d(u)

N∏
k=1

sinh(u − vk − η)

sinh(u − vk)
,

if Φ 6= 0 and v ’s satisfy the Bethe Ansatz equations

a(vk)

d(vk)
=

N∏
j 6=k

sinh(vk − vj − η)

sinh(vk − vj + η)
, k = 1, ...,N.

For the rational R-matrix: sinh(x)→ x .
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Quasi-classical limit

Now we take the quiasi-classical limit: η → 0.
Spin operators

S+ = Sx + iSy =

(
0 1
0 0

)
, S− = Sx − iSy =

(
0 0
1 0

)
,

Sx =
1

2

(
0 1
1 0

)
, Sy =

1

2

(
0 −i
i 0

)
, Sz =

1

2

(
1 0
0 −1

)
.
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I. Trigonometric case

I BAE:

(α + N − 1− L/2) +
L∑
l=1

y2k
y2k − y2j

= 2
N∑
j 6=k

y2k
y2k − y2j

.

I Integrals of motion:

Tj = 2
L∑

k 6=j

z2j + z2k
z2j − z2k

Sz
j S

z
k +

L∑
k 6=j

2zkzj
z2j − z2k

(
S−k S+

j + S+
k S−j

)
− 2αSz

j .

I Eigenvalues:

Λj = α +
1

2

L∑
k 6=j

z2j + z2k
z2j − z2k

−
N∑
i=1

z2j + y2i
z2j − y2i

.
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II. Rational case

I BAE:

α +
1

2

L∑
l=1

1

vk − εl
=

N∑
j 6=k

1

vk − vj
,

I Integrals of motion:

Tj =
L∑

k 6=j

2Sz
kS

z
j + S−k S+

j + S+
k S−j

εj − εk
− 2αSz

j ,

I Eigenvalues:

Λj = α +
1

2

L∑
k 6=j

1

εj − εk
−

N∑
i=1

1

εj − vi
.
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Reflection equations

Start with a rational R-matrix R(u) =
1

u + η
(uI ⊗ I + ηP).

In addition to YBE we want it to satisfy reflection equations:{
R12(u − v)K−1 (u)R21(u + v)K−2 (v) = K−2 (v)R12(u + v)K−1 (u)R21(u − v),

R12(v − u)K+
1 (u)R21(u + v)K+

2 (v) = K+
2 (v)R12(u + v)K+

1 (u)R21(v − u),

where R(u) ≡ R(−u − 2η). Easy to check that

K−(u) = ζI + uσz =

(
ζ + u 0

0 ζ − u

)
,

K+(u) = ξI + (u + η)σz =

(
ξ + u + η 0

0 ξ − u − η

)
.

satisfy these equations. They are called the reflection matrices.
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BQISM
Define the double monodromy matrix (acting in Va ⊗ V⊗L)

Ta(u) ≡RaL(u − εL)...Ra1(u − ε1)K−a (u + ρ/2)×

×R−1a1 (−u − ε1 − ρ)...R−1aL (−u − εL − ρ) =

(
A(u) B(u)
C (u) D(u)

)
.

It satisfies the Yang-Baxter equation in Va ⊗ Vb ⊗ V⊗L:

Rab(u − v)Ta(u)Rba(u + v + ρ)Tb(v) = Tb(v)Rab(u + v + ρ)Ta(u)Rba(u − v).

Define the transfer matrix

t(u) ≡ tra
(
K+
a (u + ρ/2)Ta(u)

)
= (ξ+u+ρ/2+η)A(u)+(ξ−u−ρ/2−η)D(u).

In this case one can also show that

[t(u), t(v)] = 0 ∀u, v ∈ C.
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Bethe Ansatz equations
Shift u → u − η

2 and introduce Ã(u) = (2u + ρ)A(u)− ηD(u).

Φ(v1, ..., vN) = C (v1)...C (vN)Ω

is an eigenstate of t(u) with the eigenvalue

Λ(u, v1, ..., vN) = ã(u)
ξ + u + ρ/2 + η/2

2u + ρ

N∏
k=1

(u − vk + η)(u + vk + ρ+ η)

(u − vk)(u + vk + ρ)
+

+ d(u)
(2u + ρ+ η)(ξ − u − ρ/2 + η/2)

2u + ρ

N∏
k=1

(u − vk − η)(u + vk + ρ− η)

(u − vk)(u + vk + ρ)
,

if Φ 6= 0 and v ’s satisfy the Bethe Ansatz equations (BAE)

ã(vk)

d(vk)(2vk + ρ− η)

ξ + vk + ρ/2 + η/2

ξ − vk − ρ/2 + η/2
=

N∏
j 6=k

(vk − vj − η)(vk + vj + ρ− η)

(vk − vj + η)(vk + vj + ρ+ η)
.

Can renormalize, so that it goes to non-boundary case as ρ→∞.
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Quasi-classical limit

Consider two limiting cases:

1. ξ = ηα, ζ = ηβ.

2. ξ = η−1γ−1, ζ = η−1δ−1.

Notation: yk = vk +
ρ

2
, zl = εl +

ρ

2
.
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Case 1: ξ = ηα, ζ = ηβ

I BAE:

−(α + β + 1) +
L∑
l=1

y2
k

y2
k − z2l

=
N∑
j 6=k

2y2
k

y2
k − y2

j

.

I Integrals of motion:

Tj =
L∑

k 6=j

z2j + z2k
z2j − z2k

2Sz
j S

z
k +

L∑
k 6=j

2zjzk
z2j − z2k

(
S−k S+

j + S+
k S−j

)
+

+ (2N − L+ 2(α + β))Nj − N.

I Eigenvalues:

Λj = −
N∑
i=1

2z2j
z2j − y2

i

.
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Case 2: ξ = η−1γ−1, ζ = η−1δ−1

I BAE:

−(δ + γ) +
L∑
l=1

1

y2
k − z2l

=
N∑
j 6=k

2

y2
k − y2

j

.

I Integrals of motion:

Tj =
L∑

k 6=j

2Pkj

z2j − z2k
+ (γ + δ)σz

j .

I Eigenvalues:

Λj = −
N∑
i=1

1

z2j − y2
i

− (γ + δ).
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Conclusions and Outlook

Periodic Boundary (1) Boundary (2) Boundary (general)

Rat. s-wave s-wave p+ip-wave ?

Trig. p+pi-wave p+ip-wave(?) ? ??
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Thank you for your attention!
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